Exercises third and fourth week by Ritelli, Daniele
Exercises: week # 3 and 4
1. Find the general solution of the Riccati equation
y′ =
2
x− 1 −
2x− 1
x(x− 1)y −
1
x(x− 1)y
2, 0 < x < 1
Start seeking for a particular solution y = ax+ b for suitable a, b ∈ R
2. Let (X,A, µ) a measure space and let E1, E2 ∈ A. Assume that, the symmetric difference of E1
and E2, E1∆E2 := (E1\E2) ∪ (E2\E1) is such that µ(E1∆E2) = 0. Show that µ(E1) = µ(E2)
3. Show that if µ is complete, E1 ∈ A and µ(E1∆E2) = 0 then E2 ∈ A
4. Prove that if f : R→ R is differentiable, then f ′ is measurable.
Hint: define gn(x) = n
[
f(x+ 1n )− f(x)
]
=
f(x+ 1n )− f(x)
1
n
5. Show that with respect to the Dirac measure δx∫
X
fdδx = f(x)
6. Consider the sequence of functions fn(x) = n
2
√
x e−nx, x ∈ [0,+∞). Show that thesis of Dominated
converge theorem does not hold for fn. Try to explain why evaluating sup
x∈[0,+∞)
fn(x)
7. Evaluate lim
n→∞
∫ +∞
0
e−x
1 + nx
dx
8. Evaluate lim
n→∞
∫ +∞
0
√
x e−nxdx
9. Show that
∫ +∞
0
sin(ax)
ex − 1 dx =
+∞∑
n=1
a
n2 + a2
for any a ∈ R
Hint: use formula
∫
sin(ax)e−nxdx = −e
−nx(n sin(ax) + a cos(ax))
a2 + n2
10. Show that
∫ ∞
0
x5
ex2 − 1dx =
∞∑
n=1
1
n3
11. Using the theorem for differentiation under the integral sign, and knowing that
∫ ∞
−∞
e−x
2
dx =
√
pi
show that for any t ∈ R ∫ ∞
−∞
e−u
2
cos(tu)du =
√
pi e−t
2/4
12. Using
∫ ∞
0
e−x
2
=
√
pi
2
show, integrating by parts, that
∫ ∞
0
x2e−x
2
dx =
√
pi
4
13. Let f(t, u) = e−ut
sinu
u
with u > 0, t > 0 x(t) =
∫ +∞
0
f(t, u) du. Show that
(a) x′(t) = − 1
1 + t2
(b) lim
t→+∞x(t) = 0
(c) x(t) =
pi
2
− arctan t
(d)
∫ +∞
0
sinu
u
du =
pi
2
14. Consider functions
f1(t) :=
(∫ t
0
e−x
2
dx
)2
, f2(t) :=
∫ 1
0
e−(1+x
2) t2
1 + x2
dx
Show that
1
(a) f(t) = f1(t) + f2(t) has zero derivative so that f(t) = c, c constant
(b) c =
pi
4
(take t = 0)
(c) use dominated convergence theorem taking the limit for t→∞ for f(t) to infer that
(∫ ∞
0
e−x
2
dx
)2
=
pi
4
(d) finally deduce the value of the Gauss integral
15. Let f(x, t) =
ln(1 + t2x2)
1 + x2
with x > 0, t > 0. Define F (t) =
∫ +∞
0
f(x, t) dx. Prove that, using when
necessary the identity
2tx2
(x2 + 1) (t2x2 + 1)
=
2t
(t2 − 1) (x2 + 1) −
2t
(t2 − 1) (t2x2 + 1)
(a) F ′(t) =
F (t)
1 + t
(b) lim
t→0
F (t) = 0
(c) F (t) = pi ln(1 + t)
(d)
∫ +∞
0
ln(1 + x2)
1 + x2
dx = pi ln 2
16. Let A :=
{
(x, y) ∈ R2 | x2 ≤ y ≤ x} . Show that ∫∫
A
1
y − x2 − 1dxdy =
pi√
3
− 2
17. Let A =
{
(x, y) ∈ R2 | x4 ≤ y ≤ x2} . Show that ∫∫
A
xydxdy = 0
18. Let A =
{
(x, y) ∈ R2 | 0 ≤ x ≤ 1, x2 ≤ y ≤ x+ 1} Show that ∫∫
A
xy dxdy =
5
8
19. Let A =
{
(x, y) ∈ R2 | y ≥ 0, y ≤ −x+ 3, y ≤ 2x+ 3} Show that ∫∫
A
y dxdy =
27
4
20. Let A = R2 Show that
∫∫
A
dxdy
(1 + x2 + y2)2
= pi
21. Given A :=
{
(x, y) ∈ R2 | x2 + 2y2 ≤ 1} , f(x, y) = 1
1 + x2 + 2y2
. Show that:
∫∫
A
f(x, y)dxdy =
pi ln 2√
2
22. Given A :=
{
(x, y) ∈ R2 | x2 − xy + y2 ≤ 1} , f(x, y) = e−(x2−xy+y2). Show that:∫∫
A
f(x, y)dxdy =
2pi√
3
e− 1
e
23. Evaluate
∫ 1
0
√
1− x3 dx using Gamma and Beta functions
24. Evaluate
∫ b
a
(x− a)m(x− b)ndx, m > −1, n > −1, b > a using Gamma and Beta functions
25. Show, using Gamma and Beta functions, that the Lebesgue measure of A = {(x, y) ∈ R2 | x2/3 +
y2/3 ≤ 1} is 3
8
√
pi
26. Show that ∫ 1
0
√
x3
1− x3 dx =
√
pi
Γ( 56 )
Γ( 13 )
27. Prove the duplication formula for Gamma
22x−1Γ(x)Γ(x+ 12 ) =
√
piΓ(2x)
Hint: define I =
∫ pi
2
0
sin2x tdt, J =
∫ pi
2
0
sin2x 2tdt then observe that I =
1
2
B
(
x+
1
2
,
1
2
)
= · · · Fur-
thermore changing variable 2t = u show that I = J but J can also be evaluated observing that
J =
∫ pi
2
0
(2 sin t cos t)2xdt = 22x−1B
(
x+
1
2
, x+
1
2
)
= · · ·
2
